Introduction
Many experimental results on incompressible and compressible turbulent boundary layers have indicated the existence of coherent structures in such flows. The quasi-deterministic occunence of large-sczde organized structures is collectively called the bursting process. The bursting process is believed to play a dominant role in the development of turbulent boundary layers.
-The bursting process is associated with the appearance of counter-rotating spanwise rolls of vertical structures, Figure 1 . Experiments by Morrison & Kronauer (1969) showed that the statistically dominant streamwise fluctuations of the streamwise vertical structures exhibited wavelike characteristics, suggesting that a hydrodynamic wave description for the strearnwise structures is applicable.
Based on a weakly nonlinear theory, Jang et al.(1986) proposed that resonance could occur for certain damped three-dimensional modes when the eigenmodes of the OrrSommerfeld solution corresponded to that associated with the vertical vorticity equation.
As a result, they showed that for incompressible turbulent boundary layers, the secondary mean flow induced by these resonant fundamental modes contained streamwise vertical structures. The shape of the predicted structures and the spacing of the accompanying low-speed streaks are comparable with experimental observation. .
Because of the nature of the numerical integration scheme used in Jang et al. (1986) , some knowledge of the eigenvalues is required a priori in order for the numerical solution to be successful. Since this information is not readily available beyond a few simple profiles for the mean quantities, it severely limits the use of the" direct-resonance method in simple flow cases. Furthermore, the eigenvalue spectra of the Orr-Sommerfeld and the verticzd vorticit y equations contain many other eigenmodes. It is possible that the eigenmodes not . considered in Jang et al. (1986) might also excite resonance. These issues may become a major concern when the flow speed increases, and effects of compressibility are included.
In addition, the Orr-Sommerfeld and the vertical vorticity equations yield stiff systems of ordinary differential equations. During the numerical integration of a stiff system, numerical errors associated with one solution may contaminate the other and lose their linear independence. Extra care, such as the use of a r=rthonormalization procedure, is required to keep the solution independent. In this research we implemented a modern global numerical scheme for the stability problem. A global method solves the equations using a global approximation of the solution. The global solution method does not require a The global method provides a description of the entire eigenvalue spectrum of the stability problem without using any prior knowledge of the eigenvalues, as is required by the traditional shooting procedure. As such, all possible bursting frequencies are likely to be identified automatically without artificial intervention. This capability allows an efficient model of the bursting i%equenciesin incompressible as well as compressible turbulent boundary layers.
In this research, second and fourth order accurate finite difference formulae have been used in approximating the Orr-Sommerfeld equation, the vertical vorticity equation, and their boundary conditions.
In the following, the derivation and the solution of the equations are described. The results are presented in section 4.
2.o Modeling
Turbulence quantities, T, are decomposed into three components:
where Fi represents a long-time average of Z, fi the the background fluctuation. Substituting equation (1) followed by a linearization of the disturbance quantities,
wavelike component of~, and f:
into the Navier-Stokes equations, the equations governing the mode shape of the vertical velocity, 0, the Orr-Sommerfeld equation, and the homogeneous vertical vorticity, fi, equation can be found:
Equations (2) and (3) 
(4)
In equations (2) and (3) analysis, which requires a weakly nonlinear solution for the wave amplitude, will not be performed here for the bounded shear flows. In this study the bursting frequencies of the streamwise coherent structures in turbulent boundary layers are sought using the directresonance model. The condition for direct resonance can be written as
where Cos and Cvv represent the phase velocity, w/a, associated with the Orr-Somrnerfeld and the vertical vorticit y eigenvalue problems.
The boundary conditions for O and ij are
In the following section the numerical solution of equations (2), (3), (5), and (6) are described.
3.o Numerical Solutions

Mean Flow
The local mean velocity in the strecunwise direction, U, for the turbulent boundary layer over a flat plate can be obtained from the solutions of either the boundary layer equations or the Navier-Stokes equations. We found the resulting eigenvalue problems sensitive to the profile shapes of U and D2 U. For the results presented, the U and D2 U profiles were obtained by using dense grids (x 1000) in a boundary-layer equation solver to retain a higher order of fidelity of the velocity as well as its second order derivative. A mixing-length turbulence model was used for the turbulent eddy-viscosity.
Wavelike Structure
To resolve the near-wall behavior of the boundary layer, an algebraic stretching of the grid was used beginning from the wall. In the transformed coordinate,~, the equations are
where 
D4(CY)V= O (9)
The matrix, D4, is a lambda matrix of degree four, Lancaster (1966) , and can be expressed as a scalar polynomial with matrix coefficients:
D4(cr) = CO(24 + CICYS + c2a2 + c@ + C4.
(lo)
With the inclusion of the boundary conditions, the matrices C's are square matrices of order n, which represents the number of grid point in~. A linear companion matrix method, Bridges and Morris (1984) , was used to linearize the lambda matrix. The resulting general eigenvalue problem becomes
Equation (11) 
The eigenvalues maybe obtained by using QR or QZ algorithms. The details of the formulation and the application of the Linear Companion Matrix method can be found in Bridges and Morris (1984) and Lieu and Morris (1995) .
The resonance in the stability problem occurs when there is a set of parameters (a, /?, w)
for which the solutions of the Orr-Sommerfeld and the vertical vorticity equations exist for a given mean velocity distribution and a Reynolds number. To locate the resonance mode, we choose to solve the following equations:
A subroutine in the IMSL package called NEQBF has been used to solve the system of equations.
Results
In this section thesolutions of theresonance stability problem obttinedby using the high order finite difference global method are described.
A polynomial type of distribution was first used as the mean velocity profile. The profile u(;) = 2(;)-2(;)3 +(;)4
was often used as an approximation to the streamwise velocit y for flat-plate boundary layers.
6 represents the boundary-layer thickness. The eigenvalues obtained by using the present global method were compared with those obtained by using the local shooting method. The comparisons are shown in Table 1 . respectively. An analytical form of the continuous spectrum was also included for comparison, Grosch and %lwen (1978) . For Re = 10,000, the two discrete Tollmien-Schlichiting instability y modes can be clearly identified. For Re = 8,000, the discrete spectrum appearers close to the continuous spectrum. For both cases the continuous spectrum are weu-resolved.
Numerical experiments were conducted to examine the effects of the order of the finite difference approximation, the number of grid points, and the location of the outer boundary of the computed domain in y. Second-, as well as fourth-, order approximations were applied to the differential equations and the boundary conditions. To calculate the eigenvalues of the direct-resonance problems associated with a turbulent flat plate boundary layer, the mean streamwise velocity and its second derivative distribution were needed. A boundary-layer equation solver using the Prandtl's mixing length model with the van Driest darnping fimction was developed. The calculated turbulent mean velocity distribution for Re = 1,000 is shown in Figure 4 . The results compared well with the log law-of-the-wall in the log layer of the boundary layer. The number of grid points is 998. The second derivative of the mean velocity, .V2U, was obtained using a fourth-order accurate finite difference formula. Figure 5 shows the D2 U distribution. For kuninar boundary layers, the solutions of the Orr-Sommerfeld and vertical vorticity equations are known to be sensitive to the input velocity and its second derivative. We found that this sensitivity of the Orr-Sornmerfeld and vertical vorticity equations to the input U and D2 U remains for the current problem involving turbulent boundary layers. As can be seen in figures 4 and 5, the U and D2 U profdes vary significantly over a smrill distance in the near-wall region of the flow. It is necessary that the multiple length scales of turbulent boundary layers be captured properly in the Om-Sornmerfeld and vertical vorticity problems. Algebraically stretched grids were used to ensure an appropriate resolution of the different regions. Comprehensive numerical experiments showed that a parameter set of yy = 1 ad (~)nza. = vz = 50 gives the best results in terms of both the discrete, as well as the continuous, spectra of the Orr-Sommerfeld and vertical vorticity equations for a wide range of Reynolds numbers. 6" denotes the displacement thickness and 01 the first grid point away from the wall. Figure 6 shows some results of the numerical experiments. continuous spectra. Figure 7 shows the eigenvalue spectrum for the Orr-Sommerfeld equation for a turbulent boundary layer for Re( ';6" ) = 1,000.
As was stated earlier, based on the direct-resonance theory, an automated procedure has been developed for the prediction of the bursting frequencies associated with the strearnwise structures in turbulent boundary layers. To identi~a resonance mode, the Orr-Sommerfeld equation and the homogeneous vertical vorticity equation were first solved. Resonance occurs when the eigenvalues of the Orr-Somrnerfeld solution correspond to that associated with the vertical vorticity equation. The resonance condition has been written in the form of a system of two equations, equation (13), nonlinear in their pammeters, w and /3. The resonance mode is identified when a solution of equation (13) is found. The solution of equation (13) involves an iteration process. The search for resonance mode is complete when the solution of equation (13) The eigenvalue spectra for the Orr-Sornmerfeld and vertical vorticity equations at the resonance condition for Re = 8,000 are shown in figure 11 . When the resonance condition was met, there was apparently a matching of not only the discrete mode but also the continuous modes. 
Concluding Remarks
In this study a global solution method has been successfully developed to predict the bursting frequencies associated with the coherent streamwise structures in incompressible turbulent boundary layers. The prediction was based on the direct resonance model. The prediction tool developed, BURFIT, has been automated, and no artificial intervention is necessary other than assigning the starting values. In the present study the predicted bursting frequencies have been found to agree very well with previous numerical calculations and experimental data for incompressible turbulent boundary layers over a flat plate. The development of a global mechanism is also necessary when a direct resonance theory, perhaps similar to the one implemented here for incompressible flow, is extended to the prediction of the bursting frequencies of high-speed turbulent boundary layers. There can be more than one discrete mode associated with the bursting events when the effects of compressibility are considered.
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The fourth order, O(A4 ), finite difference formulae used in the current study are given below. All formulae are given for the derivatives at a point denoted by 00 and its neighboring points in decreasing order, ()-1, ()-2 ,..., and in increasing order, ()+1, ()+2,..., etc.. A denotes the uniform grid spacing.
fr ' = 2of_2 -55f_l + 155fl -220f2 + 135f3 -4of4 + 5f5 30A4 fgm . 2of2 -55f~+ 155f_~-220f_2 + 135f_3 -4of_4 + 5f_s 30A4
Appendix B
A listing of the code BURFIT is included in this appendix. Two subroutines that were used in the code were taken out due to copyright. They are called LUBKSB and LUDCMP ._ci*re*tiar*m*c 3vpp =_ci*re*fiar*m**2 C4V =beta**4-ci*re*omega*beta**2 c4vp .m*mp**3+4. *m**2*mp*mpp+m**3*mppp+m*mp* (-cargu) c4vpp =7.*m**2*mp**2+4. *rn**3*mpp+m* *2*(-cargu) 
